A spectral closure analysis and numerical simulations suggest that there may be a class of two-dimensional turbulence in which the energy spectrum E(k) scales with the wave number k like E(k)ϭAk Ϫ3 in the enstrophy transfer range in accordance with the Kraichnan-Leith-Batchelor ͑KLB͒ spectrum, but the prefactor A is different from the KLB spectrum and depends in a nontrivial way on the flow conditions at large scales.
I. INTRODUCTION
The characteristic length scale of global scale flows on the Earth in the horizontal direction can be as large as an order of 1000 km, whereas the scale in the vertical direction is a maximum of 50 km or so. The former is much larger than the latter. In order to get some insight into the dynamics of flows on a global scale, it is tempting to model, at the simplest level, the flows as two dimensional ͑2-D͒. This consideration has stimulated many studies on 2-D turbulence. The study has also been encouraged by recent advances in experiments and high performance computing; the former enables us to realize 2-D flows in laboratory, [1] [2] [3] [4] [5] [6] [7] [8] and the latter enables us to simulate turbulence at Reynolds numbers much higher than those possible in three dimensions.
Kraichnan, 9 Leith, 10 and Batchelor 11 suggested that theoretically 2-D turbulence may exhibit an energy spectrum E(k) of the form E͑k ͒ϭC
in the so-called enstrophy transfer range. Here, k and are the wave number and enstrophy transfer rate per unit mass, respectively, and C is a nondimensional constant. Considering nonlocal interactions in k space, Kraichnan 12 suggested that Eq. ͑1͒ should be modified as
where k 1 is a wave number at the bottom of the range. The nondimensional constant C K in Eq. ͑2͒ as well as C in Eq. ͑1͒ are regarded as universal in the sense that they are absolute constants independent of the initial and boundary conditions of the flows, and of the statistics of large scale flows. Wind measurements taken from commercial flights suggest that atmospheric air motion may exhibit wavelengths in the range of 1000-3000 km with a Ϫ3 power law dependence of the energy spectrum. 13, 14 Knowledge of the energy spectrum valid for a wide range of flow classes is expected to play an important role for constructing proper large eddy simulation ͑LES͒ models of global scale flows, as knowledge of Kolmogorov's Ϫ5/3 power law spectrum in threedimensional ͑3-D͒ turbulence has given a basis for constructing various LES models for 3-D turbulence.
Recent numerical simulations suggest that the logcorrected spectrum ͑2͒ is quite robust in the sense that it may be realized under different run conditions and gives the estimate C K Ϸ1.7-1.9, which is in fairly good agreement with theoretical estimates based on the test field model ͑TFM͒ 12 and the Lagrangian renormalized approximation ͑LRA͒ 15 ͑cf. Refs. 16 and 17, and references cited therein͒. In deriving the spectrum ͑1͒ or ͑2͒ using closure theories, it is assumed that the dominant contribution to the energy transfer function is from local ͑in the wave number space͒ interactions. The TFM gives C K ϭ1.74g 2/3 , where g is an adjusting parameter and the choice of gϭ1.064 as in Ref. 12 gives C K ϭ1.82, while the LRA, which contains no adjusting parameter, gives C K ϭ1.81.
On the other hand, our recent preliminary study of a series of runs that simulate the enstrophy transfer range in stationary turbulence showed that there may be cases in which the spectrum scales with k like k Ϫ3 , but the prefactor does not scale like the Kraichnan-Leith-Batchelor ͑KLB͒ spectrum ͑1͒ or Eq. ͑2͒. In these cases the energy spectrum in the small wave number range is observed to be very large. Similar results were reported by Maltrud and Vallis. 18 These observations have motivated us to reconsider the KLB spectrum and its reasoning. This paper shows that the spectral closures and numerical simulations suggest that there may be cases in which the energy spectrum scales like k Ϫ3 , as in the KLB theory, i.e.,
E͑k ͒ϭAk

Ϫ3
͑A is independent of k͒, but if we define the nondimensional constant C or C K using Eq. ͑1͒ or ͑2͒, i.e., by
II. BASIC EQUATIONS AND SPECTRAL CLOSURE ANALYSIS
Here, we consider 2-D turbulence in an incompressible fluid of unit density that obeys the Navier-Stokes equation ‫ץ‬u ‫ץ‬t ϩ͑u"" ͒uϭϪ" pϩٌ 2 uϩf, ͑3͒ ""uϭ0, where u,p,, and f are the velocity, pressure, kinematic viscosity, and external driving force, respectively. In statistically stationary homogeneous isotropic turbulence, the enstrophy spectrum ⍀(k,t) normalized so that
where is the vorticity, F ⍀ (k) is the enstrophy input from the external forcing, and T(k) is the energy transfer due to the nonlinear terms in Eq. ͑3͒. We omitted the time argument t on the right-hand side of Eq. ͑4͒. The spectrum ⍀(k) is related to the energy spectrum E(k) as ⍀(k)ϭk 2 E(k). Due to the conservation of total energy and enstrophy in the inviscid 2-D dynamics in the absence of an external force, we have
Let T(k,p,q) be the net transfer into k from interactions with mode pairs p and q. Then, the energy transfer spectrum T(k) and the total rate of enstrophy transfer ⌳(k) from all wave numbers Ͻk to all wave numbers Ͼk may be written as Here, we consider high Reynolds number turbulence driven by an external force with a large characteristic length scale of order l F ϵ1/k F . We assume that there exists a wave number range of k, such that k F ӶkӶk D and the enstrophy input spectrum F ⍀ (k) and the enstrophy dissipation spectrum D(k)ϭ2k 2 ⍀(k) are negligibly small in this range, where k D is the characteristic wave number of the enstrophy dissipation spectrum. This wave number range is called the enstrophy transfer range. In this range, we have k 2 T(k)ϳ0 from Eq. ͑4͒, so that ⌳(k) is k independent by Eq. ͑7͒, and Eq. ͑5͒ gives
where is the total enstrophy dissipation rate per unit mass and we have used where
2a kpq ϭb kpq ϩb kqp , and x, y, and z are the cosines of the interior angles opposite the triangle sides k,p, and q, respectively. 12, 15 The main difference between various spectral closures appears in the so-called triple relaxation factor kpq , which represents a characteristic time scale due to turbulent relaxation by nonlinear interactions among the modes of wave numbers k, p, and q.
In the LRA, 15 it is given by
where
in which
In Eq. ͑11͒, we have omitted the terms due to viscosity and the external driving force, which are assumed to be negligible in the enstrophy transfer range under consideration.
A. KLB and log-corrected spectra
Let us briefly review here the KLB spectrum from the viewpoint of spectral closure, especially the LRA. The reader may refer to Kraichnan, 9, 12 Leith, 10 and Batchelor 11 for the original derivation of the spectrum. Let us first consider a similarity solution of the form
in the enstrophy transfer range. Formally substituting these into Eqs. ͑6͒ and ͑11͒ with Eq. ͑9͒, and using Eq. ͑8͒ yields
The left-hand sides of Eqs. ͑14͒ and ͑15͒ are k independent. We would therefore obtain 8ϩ2mϪnϭ0, 4ϩmϪ2nϭ0,
i.e.,
mϭϪ4, nϭ0,
if the major contributions to the integrals come from the wave number range expressed by the similarity form ͑13͒. The exponent mϭϪ4 implies E(k)ϭkU(k)ϰk Ϫ3 in agreement with the KLB spectrum ͑1͒. However, the integrals diverge at low wave numbers when the similarity forms with mϭϪ4 and nϭ0 are substituted. This implies that the major contributions are from the low wave number range outside the similarity range expressed by Eq. ͑13͒, so that Eqs. ͑14͒ and ͑15͒ are unjustifiable.
The divergence also suggests that the main contribution to ⌳(k) is from wave number range Ӷk. By using the following expansions for small q/k:
where pϭkϩwq, ⌳(k) is shown to be asymptotically approximated for kӷk 1 by ⌳͑k ͒ϭϪ
under appropriate conditions of U(q) for small q.
It is then shown that Eq. ͑11͒ and the k independency of ⌳(k)ϳ in the similarity range can be satisfied asymptotically for kӷk 1 by the log-corrected form
instead of Eq. ͑13͒, where C K is a constant. The LRA gives the estimate C K ϭ1.81, whereas the TFM gives C K ϭ1.74g
, where g is another constant of order unity, as mentioned in Sec. I. The readers may refer to Refs. 12 and 15 for the details of the derivation of Eq. ͑17͒. For kӷ ӷk 1 , most of the contribution to Eq. ͑16͒ comes from q ӷk 1 , but still qӶk.
B. Nonuniversal k À3 spectrum
In deriving the spectrum ͑17͒, it is implicitly assumed that the local ͑in the wave number space͒ interaction is dominant in the sense that the dominant contribution to ⌳(k) of Eq. ͑8͒ in the enstrophy transfer range comes from the range itself ͑but qӶk), i.e., there is not very much contribution from the low wave number range qϽk 1 , i.e., outside the similarity range.
However, Eq. ͑16͒ suggests that if U(q) is very large for qϽk 1 , then the major contribution to ⌳(k) in Eq. ͑6͒ or ͑16͒ may come from the low wave number range outside the similarity range expressed by Eq. ͑13͒ or ͑17͒. Suppose that this is the case; therefore, the contributions from qϾk 1 
where C N is a nondimensional constant. Equation ͑23͒ agrees with the spectrum considered by Maltrud and Vallis. 18 Note that ⍀ 1/2 has the same dimension ͓time͔ Ϫ1 as the rate of strain, which we call here ␣, so that the dimensional consideration using ␣ instead of ⍀ 1/2 yields E(k)ϳk Ϫ3 /␣ as shown by Nazarenko and Laval, 19 who studied nonlocal 2-D turbulence without performing any statistical averaging.
Some idea on the relaxation time scale may be obtained from Eqs. ͑11͒ and ͑12͒, which yield
where G͑k,0͒ϭ1, ‫ץ‬G͑k,t ͒ ‫ץ‬t
and the contribution from qϾk 1 is neglected, as in Eq. ͑18͒. The right-hand side of Eq. ͑24͒ is independent of k, so that Eq. ͑24͒ implies that both G(k,t) and kkq are independent of k, in agreement with the assumption used in deriving Eqs. ͑20͒ and ͑21͒.
In conclusion, Eq. ͑8͒ and the spectral closure ͑9͒ or ͑16͒ suggest that if U(q) is very large at low wave numbers, then nonlocal ͑in wave number space͒ interactions may play the dominant role in the enstrophy transfer in the high wave number range. As shown in the derivation of Eq. ͑21͒, the closure also suggests that if it is further assumed that a constant enstrophy transfer range exists where ⌳(k)ϳ ϭconst, and the k dependence of the characteristic relaxation time in the range is negligible, then the energy spectrum has the k Ϫ3 power law form, as in the KLB spectrum. However, Eq. ͑22͒ implies that the time scale as well as the prefactor A intrinsically depend on the energy spectrum E and the response function G at large scales, so that the prefactor A depends in a nontrivial way on the flow conditions at large scales, in contrast to the KLB theory.
III. NUMERICAL SIMULATION
A. Method
In order to check the theoretical possibility suggested in Sec. II, we performed a series of numerical simulations under periodic boundary conditions of width 2 in each direction of the Cartesian coordinates x and y. 
in which kϭ(k x ,k y ) with k x ,k y being any integer. In wave vector space, the equation of motion may be written as
The nonlinear term Ĵ (k) is estimated using the staggered grid algorithm of Patterson and Orszag 20 with full dealiasing. The number of mesh points in real space is set to 512 2 , so that the retained wave vector domain is kϽK max with K max ϭ241. Time is advanced using a fourth-order Runge-Kutta method with a constant time increment ⌬t.
In order to simulate the similarity range with relatively low resolution, in the simulations reported in the following, we primarily used the model of Maltrud and Vallis, 18 in
͑26͒
where rms ϭ(2⍀) 1/2 is the rms vorticity that is calculated at every time step and ␥ is a tuning factor of order unity. The ␣ term represents large-scale drag, which prevents the accumulation of energy at large scale, and we simply set it as a piecewise constant in the Fourier space ͑not in the physical space͒, such that ␣ϭconst (Ͼ0) for the wave number range kрK ␣ and 0 for kϾK ␣ . The forcing function f (k) uses a random Markovian formulation, i.e.,
where the subscript n denotes the nth time step of the fourthorder Runge-Kutta method, is a random number in ͓0,2͔, and the forcing amplitude A(k) is held constant for all wave numbers satisfying K f min ϽkϽK fmax and is set to zero for all the other wave numbers. The correlation time of the forcing can be controlled by ⌬t and R. In all the runs reported in the following, we set ⌬ϭ0.005, ͓K f min ,K f max ͔ϭ͓10,14͔, Aϭ1.0,
Rϭ0.5.
The other parameter values used in each run are listed in Table I . 2 show the compensated energy spectra for a series of runs, runs A1-A6, with several values of ␣, where the energy spectrum E(k) and the enstrophy transfer ⌳(k) are first computed in the simulations as
B. Simulation results
Figures 1 and
Then the averages over an appropriate time interval are taken after the turbulent field attains a quasistationary state. Here, ͚ ͉k͉ϭk and ͚ ͉k͉Ͻk denote the sums over the wave vector space satisfying kϪ⌬k/2Ͻ͉k͉Ͻkϩ⌬k/2 and ͉k͉Ͻk ϩ⌬k/2, respectively, with ⌬kϭ1. In the runs reported in the following, the time interval is from tϭ22.5 to tϭ25.0, where the characteristic eddy turnover time defined by ϭ1/⍀ 1/2 at tϭ25.0 is listed in Table I . Figure 3 shows the flow patterns for runs A1, A4, and A6. In order to show the small scale flow structure more clearly, Fig. 3 also includes the filtered fields in which the Fourier modes with wave numbers ϽK C ϭ15 are removed.
The only difference between the conditions for runs A1-A5 is the value of ␣, which represents the linear drag at the small wave number range kϽK ␣ . Note that the value of ␣ not only affects the characteristic time scales of the large eddies ͑the wave number modes for kϽK ␣ ), but also affects the enstrophy transfer ⌳(k) for kϾK ␣ . In Fig. 1, E(k) is very large in the forcing wave number range 10ϽkϽ14, for runs A1-A5. In contrast, for run A6, in which the wave number range of nonzero ␣ is narrower than in the other runs, the bump of E(k) is not as clear, and E(k) is a little steeper than k Ϫ3 in the range 40ϽkϽ200 or so. Corresponding to these differences, the small-scale filament-like structures are most visible for run A6 in Fig. 3 . Note that although the range of nonzero ␣ is the same in runs A1 and A4, the value of ␣ is larger in run A4. This presumably results in the shorter characteristic time scale of large-scale eddies in run A4 compared to run A1. Consequently, the formation of fine-scale coherent structures is expected to be more difficult in run A4 than in run A1. On the contrary, the linear drag has the smallest effect in run A6, so that the formation of coherent structure is expected to be the least disturbed in run A6 among the six runs. Figure 3 is consistent with these expectations. Figure 1 shows that for certain appropriate values of ␣, especially for runs A1 (␣ϭ0.5,K ␣ ϭ30) and A2 (␣ϭ1,K ␣ ϭ30), the k dependence of the energy spectrum is fairly close to the k Ϫ3 power law in the wave number range about 50ϽkϽ150. In this range, the compensated spectrum
of runs A1 and A2 is fairly k independent, as seen in Fig. 2 . According to Eq. ͑1͒, this constant C would be universal and be the same for runs A1 and A2. However, the levels of C for the runs in Fig. 2 clearly differ from each other. It is unlikely that this discrepancy is compensated for if we introduce the log correction, as in Eq. ͑2͒, so we did not try making such a correction. From Eq. ͑23͒ and the existence of the huge bump in the energy spectra of runs A1 and A2 at low wave numbers, one might expect the value
rather than C(k), to be k independent in the enstrophy transfer range, and that its value in the range would be the same under different run conditions. Figure 4 checks this point and plots the values of C N (k) for runs A1-A6. The values of C N (k) for runs A1 and A2, which have a k Ϫ3 energy spectrum range, agree well with each other in the range about 50ϽkϽ150. For the wave number range kϾ150, the effect of dissipation is not negligible. The enstrophy transfer ⌳(k) is almost k independent in the range 50ϽkϽ150 for all the runs reported in this paper, except for runs A3, A4, and A5, for which ͉⌳(k)͉ monotonically decreases with increasing k(Ͼ50) ͑figures omitted͒.
From Fig. 4 , one might consider that C N (k) is universal, provided that E(k)ϰk Ϫ3 in the similarity range and E(k) is sufficiently large at low wave numbers. In order to check this, we performed other runs under different conditions. C N (k) is sensitive to the parameter values, as expected, and C N (k) has a fairly k independent range for some appropriate set of parameter values. Figure 5 presents an example showing the dependence of C N (k) on the damping factor ␥. It shows that C N (k) is fairly flat in the range 50ϽkϽ150 for run A1 (␥ϭ0.5), but is not flat for runs B1 (␥ϭ0.1) or B2 (␥ϭ2.5). Figures 6 and 7 show the values of k 3 E(k) and C N (k), respectively, for runs A1, A2, and C. For run C, ␣ and the exponent n for the hyperviscosity are changed to ␣ϭ2 and nϭ7, respectively. Figure 6 shows that k 3 E(k) is fairly k independent in the range 50ϽkϽ150 for these runs. Figure 7 shows that although the value of C N (k) for each run is fairly   FIG. 4 . The same as Fig. 2 , but for the spectrum C N (k) k independent in the wave number range 50ϽkϽ150, the values for runs A1 and A2 are clearly different from those of run C. This implies that C N is not universal and may depend on the flow conditions. The above-presented simulation results are consistent with the implications of the closure theories discussed previously; the huge bumps observed in the energy spectra of runs A1-A5 and C suggest that U(q) is very large at low wave numbers, so that nonlocal interactions may be dominant in the enstrophy transfer, and the spectrum close to the k Ϫ3 power law form is in fact observed in runs, such as runs A1, A2, and C, where a range of almost constant enstrophy transfer ⌳(k) exists. However, the values of the prefactors C N (k) and C(k) are not the same in runs A1, A2, and C, and this suggests that the prefactor is not universal, in agreement with the closure.
IV. RESULTS AND DISCUSSION
A. k À3 and log-corrected spectra
The spectral closure analysis and numerical simulations suggest that there are at least two distinct cases in which the energy spectrum E(k) may have k dependence close to the k Ϫ3 power law with or without log correction in the enstrophy transfer range. One is when the dominant contribution to the enstrophy transfer ⌳(k) in Eq. ͑6͒ comes from interactions with wave numbers Ͼk 1 , where k 1 is the bottom wave number of the range. Then, the spectrum is given by Eq. ͑2͒ and the constant C K is independent of the flow conditions. The other is when the energy is so large at the low wave number range that the dominant contribution is from distant interactions with wave numbers Ͻk 1 . Then, the spectrum is given by E(k)ϳAk Ϫ3 in the enstrophy transfer range, where A is generally different from that predicted by the KLB spectrum ͑1͒, and depends on the flow conditions at large scales.
Between these two limiting cases, there may be intermediate cases where there are substantial contributions to ⌳(k) from both of the wave number ranges: Ͼk 1 and Ͻk 1 . In such cases, the energy spectrum may not be as simple as predicted by Eq. ͑2͒ or E(k)ϳAk Ϫ3 , but may be a mixture of these spectra. It is natural to expect that if there is a huge amount of energy at the small wave number range, so that the contribution from interactions with wave numbers Ͻk 1 is relatively large, then the spectrum may be close to the k Ϫ3 form. This expectation is consistent with the k Ϫ3 spectrum recently reported by Lindborg and Alvelius, 21 where the energy spectrum has a huge bump in the small wave number range ͑their Figs. 4 and 5͒, although the constant enstrophy transfer range is fairly wide, so that the contribution to ⌳(k) from the range may not be very small.
B. Theoretical estimates of C N
It would be interesting to estimate the constant C N theoretically. A rough, simple estimate of C N may be obtained when the characteristic time scale of G(q,t) is much larger than that of G(k,t) for qӶk. Then, we may put G(q,t)ϳ1 in Eq. ͑24͒, and have
͑27͒
Substituting Eq. ͑27͒ into Eq. ͑10͒ and neglecting the time dependence of G(q,t) yields 
where we have ignored the ␣ term in the expression of (k) ͓see Eq. ͑26͔͒, which is nonzero only for small k. Equation ͑30͒ gives C N ϳ6 for runs A1 and A2 (nϭ4,␥ϭ0.5), and C N ϳ12 for run C (nϭ7,␥ϭ0.5). These values are not far from those seen in Fig. 6 .
C. The role of large-scale drag
The numerical simulations presented in this paper use the linear large-scale drag model ͑26͒. This does not mean that this model is the only one that can simulate large-scale eddies in 2-D or that it is the most realistic one. In fact, various formulas have been proposed to simulate them, as reviewed in Sukoriansky et al., 22 who studied the effect of the large-scale drag representation on the inverse energy transfer range. As they showed, the flow field, particularly the large-scale statistics, may be sensitive to the particular choice of the representation and the parameter values. The study of the effect of such representation on the large-scale statistics, such as the inverse energy transfer and the appearance or nonappearance of coherent structure, etc., is in itself another subject of interest to be explored. However, it is outside of the scope of this paper, which is concerned with the small scale statistics in the enstrophy transfer range. We only used the model given by Eq. ͑26͒ because it was one of the simplest of many models for simulating different states of 2-D stationary turbulence, and thereby for studying the universality or nonuniversality of the energy spectrum in the enstrophy transfer range.
Although the flow patterns as well as the energy spectrum in the small wave number range are sensitive to the drag coefficient ␣ and other parameters in our simulations as shown in Sec. III, spectral closures, such as the LRA and TFM, suggest that the small-scale statistics, in contrast to large-scale ones, are influenced only indirectly by the drag representation. The terms representing the effect of largescale drag as well as those representing large-scale forcing in the equations governing the evolution of the spectrum U ͑or E͒ and the response function G are in general nonzero only at low wave numbers, so that the drag coefficient ␣ can influence the enstrophy transfer range at large wave number, say k, only through its effects on U(q) and G(q) at wave numbers qӶk.
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